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Abstract  
In the design of the e-course learning process, it is proposed to use the concept of a navigation model. 
This model provides convenient and didactically based navigation through the educational material of the 
course. The work is based on the recent research of the authors on the structuring of educational content 
in the form of an e-course content model, ordered in the form of a hierarchical structure of the ontologies 
of learning elements that make up the course. The navigation model concept includes a set of matrices of 
relations of order and logical coherence of learning elements and corresponding to these matrices of or-
graphs of the sequence of study and logical coherence of fragments of educational content. The naviga-
tion model answers two important questions of designing an electronic course: 1) what should be the di-
dactically rational sequence of studying the learning elements in the course that is being created; 2) what 
logical connections should be established between the individual learning elements of the course in order 
to ensure convenient and didactically based navigation of the course. The mathematical substantiation of 
the navigation model is given, its properties are investigated, and integral characteristics are introduced. 
The use of the e-course navigation model helps to: determine and visually represent a rational sequence of 
studying the educational material, as well as the logical reference links between its various fragments; 
provide effective assistance to students in navigating the course; analyze and compare different educa-
tional materials, assess the level of didactic significance of various learning elements; minimize the com-
plexity of preparing exercises for training and control tests, and the complexity of training and control 
procedures for e-learning. The concept of a navigation model complies with the international e-learning 
standards SCORM and IMS, complements them with specific algorithms for aggregating learning objects 
(SCOs) into e-courses, and assists students in learning them. The mathematical substantiation of the navi-
gation model makes it possible to automate the design of e-courses.  
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Introduction  
The design of electronic courses (EC) usually begins with the structuring of the educational ma-

terial to be studied [1]. Graphs are traditionally used as design models [2, 3]. Different approaches 
are used as design models, which ultimately boil down to visualization in the form of graphs. 
Knowledge graphs are closely related to ontologies [4] and are an important area of ontological re-
search, including in the field of education [5, 6]. At the same time, it is noted that the use of 
knowledge graphs in conjunction with artificial intelligence increases the efficiency of EC. "Stu-
dents can dynamically interact with the content of the textbook, increasing their ability to under-
stand concepts, increasing engagement, improving academic performance" [5, p.548]. However, 
"while ontologies have become the de facto standard in the development of knowledge bases, the 
processes of extracting and especially structuring knowledge still remain a certain "white spot" in 
the modern literature on knowledge engineering" [7, p.88].  

One of the approaches to structuring knowledge in education is the use of cognitive maps [8], 
as tools for system analysis, allowing to display many concepts of a complex system and logical 
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as tools for system analysis, allowing to display many concepts of a complex system and logical 

 

connections between them [9]. In [10], as a formal basis for individualized e-learning, it is proposed 
to use semantic models that include the apparatus of vector representations of knowledge graphs, 
which has the flexibility and expressiveness of the ontological approach. The article [11] presents a 
formal description of the structural-hierarchical didactic model of e-learning, a distinctive feature of 
which is the support for the division of educational objects into didactic components. The book [12] 
proposes the concept of electronic educational resources integrated into a multimedia system open 
for development. In [13], assimilated knowledge is a set of a large number of information blocks 
consisting of sequences of elements of educational material, which can be of two types: used and 
unused at the beginning of the student's activity. Models of the content of physical education are 
proposed in the monograph [14]. Methods for constructing an individual educational trajectory 
based on cognitive navigation are discussed in [15].  

In the standards of international organizations in the field of e-learning AICC1, IMS2, ADL3, 
the issues of structuring educational material occupy an important place. The basis of these unified 
structuring procedures are the SCORM (The Sharable Content Object Reference Model) specifica-
tions [16]. One of the basic ideas of SCORM is the compilation of EC from blocks of educational 
material called Sharable Content Objects (SCOs) [17].  

In our work [18], the concepts of two design models of EC were proposed: a model of the con-
tent of educational material and a model of navigation through it. The concept of the EC content 
model is based on the structuring of the content of educational material into separate fragments 
called learning elements (LE). These LEs are integrated into a tree-like directed graph. The content 
model is defined as a set of such a graph and a table of LE attributes with requirements for didactic 
indicators of their study. The rules for constructing models of EC content are also formulated there. 
Later, in [19], a mathematical justification of the content model was given, its system properties 
were investigated and integral characteristics were introduced. The proposed approach to content 
modeling is in good agreement with the international specifications of e-learning SCORM, com-
plements them with targets, algorithms for didactic design and analysis of educational materials. 
Algorithms for the formation and methods of representing the content model make it possible to 
automate the process of its construction and didactic analysis in the form of a visual interactive dia-
logue between EC developers in instrumental author's environments [20].  

However, the content model does not answer two important questions of EC design: 1) what 
should be the didactically rational sequence of studying the EC in the course being created; 2) what 
logical connections should be established between individual LEs in order to ensure, for example, a 
purposeful "rollback" from the studied LE to any previously studied fragment of educational mate-
rial, where the initial concepts for the LE under consideration are explained, bypassing the linear 
chain of intermediate LEs. In [18] an approach to solving these issues is proposed, based on the 
concept of a model navigation of EC. This concept includes a set of matrices of relations of order 
and logical coherence of the LE and the corresponding orgraphs of the sequence of study and logi-
cal coherence of the LE.  

The type of model navigation (MN) is largely determined by the content and form of presenta-
tion of educational material, and these factors, in turn, depend on the subjective didactic views of 
the authors of the projected EC. Therefore, the procedures for the formation of MN are inherently 
interactive and involve the authors of the content. In [18], "manual", non-automated procedures for 
the formation of MN are considered, which complicates the design and analysis of large-volume 
ECs.  

                                                           
1 AICC – Aviation Industry CBT Committee. https://en.wikipedia.org/wiki/Aviation_Industry_Computer-
Based_Training_Committee.  
2 IMS – Instructional Management System. https://www.1edtech.org/.  
3 ADL – Advanced Distributed Learning. https://adlnet.gov/.  
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The purpose of this study is the mathematical substantiation of EC navigation models [18], the 
study of the properties and the introduction of integral characteristics of these models, which allow 
for didactic analysis and the construction of automated procedures for designing EC navigation. The 
study is based on the methods of system analysis, discrete mathematics, educational psychology and 
didactics, many years of experience of the authors in the field of education, theory and technologies 
of e-learning.  

1 Background  
The studies of this work are based on the concept of the EC content model from [18] and con-

tinue the mathematical justification of the EC design models begun in [19]. We will illustrate the 
methodology for constructing a navigation model using the example of a fragment of educational 
material on the theory of orgraphs from the book [21]. The structure of this fragment of educational 
material is presented in the form of a content model (Figure 1, a). For the mathematical description 
of the navigation model, we will use elements of graph theory and fragments of the theory of rela-
tions in accordance with definitions and symbolism [21].   

 
Figure 1 – An example of content and navigation models for a fragment of the theory of orgraphs from the book [21]:  

a – content model; b – orgraph and matrix of relations of order of LE; c – the sequence of learning the LE;  
d – orgraph and connectivity matrix of LE 

2 Binary relation of order in MN  
Let V be a finite set of numbers LEs of size n. On this set, we define a binary relation (V, R), the 

meaning of which for all a,bV and aRb means that LE a is stated (should be studied) before LE b. 
This binary relation can be represented in the form of an orgraph and its adjacency matrix (see Fig-
ure 1, b).  

Consider the following properties of the relationship of order.  
Property 1. Anti-reflexivity (aRa  aV) This property means that any LE cannot be studied 

before itself. Therefore, the main diagonal of the adjacency matrix A of the orgraph of the binary 
relation (V, R) contains only zeros (see Figure 1, b).  

Property 2. Asymmetry (aRb   bRa  a,bV).  Means that if the LE a must be studied be-
fore the LE b, then the LE b cannot be studied before the LE a. It follows that if the coefficient (a,b) 
in the adjacency matrix of the orgraph of the binary ratio (V, R) is equal to one, which means aRb, 
then the coefficient (b,a) of this matrix must be equal to zero, which means bRa.  

Property 3. Negative asymmetry (aRb   bRa  a,bV)). Means that if the LE a cannot be 
studied before the LE b, then the LE b must be studied before the LE a. It follows that if the coeffi-
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cient (a,b) in the adjacency matrix of the orgraph of the binary ratio (V, R) is zero, which means 
aRb, then the coefficient (b,a) of this matrix must be equal to one,  which stands for bRa. 

Note. The concept and name of this property is introduced in this work by analogy with the 
concept of negative transitivity (see below), since it is not considered and is not classified in the lit-
erary sources of discrete mathematics known to the authors, but it turns out to be very useful for 
performing the following calculations. 

Property 4. Transitivity (aRb, bRc   aRc  a,b,cV). Means that if the LE a must be studied 
before the LE b and the LE b must be studied before the element c, then the LE a must also be stud-
ied before the LE c. It follows that if the coefficients (a,b) and (b,c) in the adjacency matrix of the 
orgraph of the binary relation (V, R) are equal to one, which means aRb and bRc, respectively,  then 
the coefficient (a,c) of this matrix must also be equal to one, which means aRc. 

Property 5. Negative transitivity (aRb, bRc   aRc  a,b,cV). Means that if the LE a 
should not be studied before the LE b and the LE b should not be studied before the element c, then 
the LE a also cannot be studied before the LE c. In fact, let for a, b, c belonging to the set V, aRb 
and bRc. It follows,  that by the property of negative asymmetry bRa and cRb, and by the property 
of transitivity cRa. The latter relation by the property of asymmetry leads to aRc. Thus, if the coef-
ficients (a,b) and (b,c) in the adjacency matrix of the orgraph of the binary ratio (V, R) are equal to 
zero, which means aRb and bRc, respectively, then the coefficient (a,c) of this matrix must also 
be equal to zero, which means aRc. 

Property 6. The orgraph of the order ratio (V, R) is a one-way connected (one-way) orgraph 
with a degree (category) of coherence equal to 2.  

In fact, according to the definition of the order ratio (V, R), any pair of LE from V is connected 
in one direction, therefore, the vertices of the orgraph are one-sidedly achievable, which corre-
sponds to the definition of a one-sided orgraph [21]. 

Analyzing the orgraph of any order ratio (see, for example, Figure 1, b), starting from the last 
vertex of the orgraph, it is possible to calculate the number of arcs of this orgraph (the number of 
pairwise order ratios)  

mO = (n-1) + (n-2) + (n-3)+….+ (n-n) = n2 -


n

k
k

1
.     (1)  

Property 7. The achievability matrix R of the orgraph of the order ratio (V, R) is determined 
through its adjacency matrix A by the formula: 

Do = A + I,          (2) 
where I is the unit matrix.  
As noted above (see property 6 of the order relation), by definition of the order relation, all ver-

tices of the corresponding orgraph are one-sidedly achievable. Therefore, complementing its adja-
cency matrix A with the unit matrix I (which corresponds to the reachability of each vertex to itself), 
we obtain the reachability matrix Do.  

Property 8. Let A be the adjacency matrix of the order ratio (V, R). Then  
A + AT + I = J,           (3) 

where I is a unit matrix, J is a matrix consisting of only ones.  
In accordance with the asymmetry property of the ratio (V, R), the transposition of the matrix A 

leads to the filling of those positions that were zero with units, and, conversely, where there were 
zeros in the matrix A, in the matrix AT, in accordance with the property of negative asymmetry, 
there must be ones. The exception is the main diagonal A and AT, which, in accordance with the an-
ti-reflexivity property of the ratio (V, R), must be zero. Therefore, the summation in (3) should re-
sult in a matrix filled with units.  
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3 The sequence of learning the LE  
To determine the sequence of learning the LE, it is necessary to move from the binary relation 

(V, R), in which only pairwise relations between two LEs of the "studied before" type are deter-
mined, to an ordered set of numbers N = 1,2,3,......,n, each of which corresponds to a certain LE and 
determines its serial number in the sequence of studying educational material.  

Let us formulate what has been said more strictly and specifically:  
it is necessary to construct a function g with values from N = 1,2,3,......,n, defined on V so that the 
condition will be fulfilled for the binary relation (V, R)  

aRb  g(a) < g(b)  a,bV.        (4) 
The function g is often called the utility function or the ordinal (ordinal) utility function, and 

the value of g(a) is the utility of the alternative a [21]. With regard to task (4), we will interpret g as 
a function of the order of study of the LE, and g(a) as the serial number of the location of the corre-
sponding LE in the sequence of studying the educational material.  

The function g determines the homomorphism of the binary relation (V, R) into the numerical 
system of relations (N, <). Suppose, for example, V = {a,b,c} and R = {(a,b), (b,c), (a,c)}. Then the 
mapping g must be such that g(a)=1, g(b)=2, g(c)=3. Since the number of LE in V n = 3, then N = 
(1,2,3) and in the system (N, <) the ordered ratios will be pairs {(1,2), (2,3), (1,3)}. These pairs cor-
respond to pairs with respect to R. Thus, aRb  g(a) < g(b), which corresponds to the definition of 
homomorphism (see, for example, [21]).  

To determine the function g, we formulate the following theorem.  
Theorem. Let (V, R) be a binary relation of the order of LE, which has the properties of anti-

reflexivity, asymmetry, negative asymmetry, transitivity and negative transitivity. The homomor-
phism of the ratio (V, R) to the numerical system (N, <), where N = 1,2,3,......,n, is the function g, 
satisfying condition (4) and determining a strict sequence of studying the LE, while the values of 
this function are calculated as follows: 

g(x) = the number of such elements y of V, for which xRy    (5) 
Proof. Let's start by illustrating the ratio (5). Let V = (a,b,c,d,e) and R = {(a,b), (a,c), (a,d), 

(a,e), (b,d), (b,e), (c,b), (c,d), (c,e), (d,e)}.The function g defined by (5) takes the values:  
g(a) = 1, since from the property of anti-reflexivity aRa;  
g(b) = 3, since from the property of anti-reflexivity bRb, and from the property of asymmetry 

bRa and bRc;  
g(c) = 2, since from the property of anti-reflexivity сRс, and from the property of asymmetry 

сRa;  
g(d) = 4, since from the property of anti-reflexivity dRd, and from the property of asymmetry 

dRa, dRb, и dRc;  
g(e) = 5, since from the property of anti-reflexivity eRe, and from the property of asymmetry 

eRa, eRb, eRc и eRd.  
The minimum value of g(x) = 1, since for the element that is the first in the sequence of study-

ing the LE, only one expression from the family xRy, namely - xRx. The maximum of g(x) = n for 
the last element in the sequence of studying the LE, since the expression xRy is executed for all n 
LE. 

Now we show that the function g defined by relation (5) always satisfies condition (4). If aRb, 
then for any y of the subset (5) aRy (except y=a) follows the negative asymmetry property yRa. 
Given the transitivity property for aRb and yRa, we obtain yRb. Thus, the number of elements y, 
such that yRa, in any case, is not greater than the number of elements y, such that yRb. Therefore, at 
least, g(a) ≤ g(b),  and, taking into account the initial condition aRb, we come to a strict inequality 
g(a) < g(b).  The theorem is proved.  
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Let's consider the practical aspects of building a sequence of studying LE. First, the adjacency 
matrix A of the orgraph of the order ratio (V, R) is constructed. The corresponding interactive pro-
cedure provides for the analysis by the expert (the author of the content of the educational material) 
of only pairwise relations of the order of the LE. This expert analysis can be halved and the order 
relationships can be analyzed only for the upper or lower triangle of the matrix. Another triangle of 
the matrix can be filled automatically based on the properties of asymmetry and negative asym-
metry (for example, if there is one in the cell of the matrix (a, b) filled by the expert, then zero is 
put in the cell (b, a), and, conversely, if there is zero in the cell of the matrix filled by the expert (a, 
b), then one is placed in the cell (b, a). Thus, potential errors of the Expert that violate the properties 
of asymmetry and negative asymmetry are excluded.  

Further, the sequence of learning the LE is determined in a formal way. Let's represent the set 
of LEs in the form of a vector V = (v1, v2, v3, …, vn), where v1, v2, v3, …, vn are the numbers of the 
LEs in the model of the content of the educational material. Let's introduce the vector F = (g(v1), 
g(v2), g(v3), …, g(vn)) – the vector of ordinal numbers of the LE in the sequence of their study. In 
accordance with (5)  

F = ET(A+I),          (6) 
where A is the adjacency matrix of the orgraph of the binary order ratio (V, R); I is a unit matrix of 
size n; E is a column vector of n units.  

In the above example (see Figure 1, b), the vector F = (1, 3, 2, 4, 5).  
For clarity, the sequence of studying the LE is depicted graphically (see Figure 1, c).  
It has already been noted above how to avoid the errors of the Expert composing the matrix A, 

which violate the properties of asymmetry or negative asymmetry. Errors that violate the properties 
of transitivity or negative transitivity lead to the appearance of identical values in the vector F. For 
example, if in cell (3, 5) of the matrix A in the above example (see Figure 1, b) instead of one put 
zero (which violates the conditions of transitivity - 3R4 and 4R5, but it is not true that 3R5, then 
the vector F = (1, 3, 2, 4, 4). Thus, the diagnosis of such errors is quite simple and can be carried 
out automatically, but their correction requires the involvement of an expert (the author of the con-
tent of the educational material) to identify the violations of transitivity or negative transitivity 
committed by him.  

Another method of formal verification of the correctness of filling in the adjacency matrix of 
the order relation is based on its property 8. If any coefficient in the matrix J obtained by formula 
(3) differs from one, therefore, when determining the corresponding pairwise ratio of priority, the 
expert made a mistake.  

An integral method for verifying the correctness of the adjacency matrix A of the order ratio is 
to determine the number of bonds (arcs) of the corresponding orgraph using the formula 

mO = ETAE,          (7) 
where E is a vector of n units, and a comparison of the resulting value with the number calculated 
by formula (1). A mismatch signals a mistake made by the Expert when compiling the adjacency 
matrix of the order ratio.  

4 The relation of logical coherence in MN 
Let V be a finite set of numbers of LE of size n. On this set, we define a binary relation (V, L), 

the meaning of which for some a,bV and aLb means that LE b is logically related to LE a ("relies" 
on it), i.e. in the presentation of the content of LE b, concepts from a are used.  

In the practical preparation of the MN, after filling in the adjacency matrix of the order ratio 
and constructing the sequence of studying the LE, the adjacency matrix C of the orgraph of the log-
ical connectivity relationship (V, L) is filled. At the same time, the expert - the author of the content 
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of the educational material - analyzes the pairwise relations of the logical coherence (support) of the 
LE. One is placed in cell (a,b) of the matrix if the LE a is the reference for the LE b. Otherwise, ze-
ro is placed in the matrix cell (see Figure 1, d). It is possible to reduce the complexity of this expert 
analysis if you formally use the asymmetry property (see below) of the logical connectivity rela-
tionship. For example, if there is one in the matrix cell (a,b) filled in by the expert, then zero is au-
tomatically put in the cell (b,a). Thus, potential errors of the Expert that violate the properties of 
asymmetry are excluded.  

It is convenient to compile a matrix of logical connections on the basis of a matrix of priority 
relations by excluding units from those cells of the matrix for which there are no logical, reference 
connections between the LE.  

According to the adjacency matrix, it is possible to construct a corresponding orgraph, on which 
it is possible to more clearly trace the logical connections in the MN. At the same time, it is advisa-
ble to build this orgraph from left to right, while maintaining the previously defined sequence of 
study (see Figure 1, d). It is convenient to place this orgraph under the list of the follow-up to the 
study of the LE, while maintaining the order of study of the educational material indicated in this 
list.  

The edges of the logical connectivity graph indicate the reference links between the LE. Thus, 
the edge connecting the LE at number 4 with the LE at number 2 (see Figure 1, d) indicates that in 
order to study the concept of the adjacency matrix (LE 4), it is necessary to have an idea of the con-
cept of an orgraph (LE 2).  

Consider the following properties of a logical connectivity relationship.  
Property 1. Anti-reflexivity (aLa  aV). This property means that any LE cannot logically 

"rely" on itself. Therefore, the main diagonal of the adjacency matrix of the orthograph of the bina-
ry relation (V, L) contains only zeros.  

Property 2. Asymmetry (aLb   bLa  a,bV). Means that if the LE b is logically based on 
the LE a, then the LE a cannot logically rely on the LE b. It follows that if the coefficient (a,b) in 
the adjacency matrix of the orgraph of the binary relation (V, L) is equal to one, which means aLb, 
then the coefficient (b,a) of this matrix must be equal to zero,  which means bLa.  

Note that, in contrast to the order relation (V, R), the logical connectivity relation (V, L) does 
not have the properties of negative asymmetry (i.e. ((aLb   bLa)), transitivity (i.e. (aLb, bLc 
  aLc)), negative transitivity (i.e. (aLb, bLc   aLc)).  

Property 3. Let C=(cij)  be the adjacency matrix of the orgraph of the binary relation of logical 
connectivity (V, L). Then the c t

ij

)(  in the matrix Ct, where t is the power, determines the number of 

paths of length t leading from the vertex of the orgraph with the number i to the vertex with the 
number j (see [21, p. 60]).  

Property 4. Let C=(cij) be the adjacency matrix of the orgraph of the binary relation of logical 
connectivity (V, L). Then the element Cij in the matrix  

C = C + C2 + C3 + … + Cn-1        (8) 
determines the total number of paths leading from the vertex of the orograph with the number i to 
the vertex with the number j.  

In expression (8), the summation is limited by the value of the exponent n-1, which is equal to 
the maximum possible length of a simple path in the orgraph.  

For the above example (see Figure 1, d), the matrices corresponding to properties 3 and 4 are 
shown in Figure 2. It follows that, for example, from vertex 1 to vertex 5 (see Figure 1, d) there are 
four paths (one simple path of unit length, two paths of length 2 and one path of length 3).  

Property 5. Let C be the adjacency matrix and Dl be the reachability matrix of the orgraph of 
the binary logical connectivity relation (V, L). Then  
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the LE a, then the LE a cannot logically rely on the LE b. It follows that if the coefficient (a,b) in 
the adjacency matrix of the orgraph of the binary relation (V, L) is equal to one, which means aLb, 
then the coefficient (b,a) of this matrix must be equal to zero,  which means bLa.  

Note that, in contrast to the order relation (V, R), the logical connectivity relation (V, L) does 
not have the properties of negative asymmetry (i.e. ((aLb   bLa)), transitivity (i.e. (aLb, bLc 
  aLc)), negative transitivity (i.e. (aLb, bLc   aLc)).  

Property 3. Let C=(cij)  be the adjacency matrix of the orgraph of the binary relation of logical 
connectivity (V, L). Then the c t

ij

)(  in the matrix Ct, where t is the power, determines the number of 

paths of length t leading from the vertex of the orgraph with the number i to the vertex with the 
number j (see [21, p. 60]).  

Property 4. Let C=(cij) be the adjacency matrix of the orgraph of the binary relation of logical 
connectivity (V, L). Then the element Cij in the matrix  

C = C + C2 + C3 + … + Cn-1        (8) 
determines the total number of paths leading from the vertex of the orograph with the number i to 
the vertex with the number j.  

In expression (8), the summation is limited by the value of the exponent n-1, which is equal to 
the maximum possible length of a simple path in the orgraph.  

For the above example (see Figure 1, d), the matrices corresponding to properties 3 and 4 are 
shown in Figure 2. It follows that, for example, from vertex 1 to vertex 5 (see Figure 1, d) there are 
four paths (one simple path of unit length, two paths of length 2 and one path of length 3).  

Property 5. Let C be the adjacency matrix and Dl be the reachability matrix of the orgraph of 
the binary logical connectivity relation (V, L). Then  

 

Dl = B(C  + I),           (9) 
where B is a boolean function for matrices [21], I is a unit matrix. 

The proof follows from property 4.  

 
Figure 2 - Example of matrices illustrating the properties 3, 4 of the relationship of logical connectivity  

5 Integral characteristics of MN 
Let's consider a number of characteristics of the MN, allowing you to compare different train-

ing materials with each other and take a more reasonable approach to the design of exercises for 
training and tests for control.  

1. The number of learning elements n. This characteristic determines the number of vertices of 
the orgraphs of the relations of order and logical coherence and, accordingly, the size of their adja-
cency matrices.  

2. The number of pairwise ratios of the order mO. Corresponds to the number of arcs of the or-
graph of the order ratio. Determine by formulas (1) or (7).  

3. Connectivity categories. We will use here the definition of the concept of connectivity cate-
gories from graph theory. The concept of the category of connectivity in graph theory makes it 
more accurate to understand that some orgraphs are "linked" better than others [21]. In our case, we 
can talk about different categories of LE connectivity in the educational material. 

The orgraph of the logical connectivity relation (V, L) can have one of three categories of con-
nectivity (0,1,2), i.e. it can be respectively incoherent, weakly connected or one-sided coherent. It 
cannot be strongly coherent (have a degree of connectivity of 3) due to the asymmetry property of 
the relation (V, L). 

In most practical cases, the orgraph of the logical connectivity relationship (V, L) and, therefore, 
the educational material is weakly coherent (the connectivity category is 1). In this case, each pair 
of vertices (LE) in the orgraph is connected (half-path).  

Much less often, learning material may have a higher coherence category of 2. In this case, the 
orgraph of the relation (V, L) is one-sided and coincides, like its adjacency matrix, with the orgraph 
and the adjacency matrix of the order relation (V, R).  

In principle, it is possible, although unlikely, the case of incoherent educational material (the 
coherence category is 0), when one or more LEs do not have supportive, logical connections with 
other LEs. The low probability of such a case is explained by the fact that if any LE is included in 
the composition of the educational material and in its content model, then there must be a connec-
tion at least with the name of the topic, which determines the inclusion of the LE in its composition.  

4. The degree of support of LE. We will consider the absolute and relative degree of support of 
the LE. The absolute degree of support of the LEs is determined by the number of other LEs based 
on this learning element. The relative degree of support of the LE will be defined as the ratio of the 
absolute degree of support of the LE to n-1 - the maximum possible (potentially) number of LEs 
that can be based on this learning element. 

We will denote the absolute degree of support of the i-th LE – OAi, relative – OOi, and vectors of 
absolute and relative degrees of support of the LE - AO  and OO  respectively. Vectors  

AO  = CE,  OO  = CE / (n-1),        (10) 
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where C is the adjacency matrix of the orgraph of the logical connectivity relation; E is a column 
vector of n units.  

For the above example (see Figure 1, d) AO  = (4,2,0,1,0), OO  = (1,0.5,0,0.25,0).  
The degree of support of the LE determines the degree of didactic significance of the LE for the 

rest of the educational material. For example, in a fragment of educational material on the theory of 
orgraphs (see Figure 1, a and d), LE 3 (the concept of connectivity categories, for which OA3 = 0, 
OO3 = 0) can be excluded from consideration painlessly for the study of other LEs. But the excep-
tion to the consideration of LE 4 (the concept of the adjacency matrix, OA4 = 1, OO4 = 0.25) or LE 2 
(the concept of orgraphs and matrices, OA2 = 2, OO2 = 0.5), or, especially, LE 1 (the concept of or-
graphs, OA1 = 4, OO1 = 1) entails a violation of logic in the presentation of other LE.  

Obviously, the higher the degree of support of the LE, the more carefully its educational mate-
rial should be prepared, the more attention should be paid to the preparation of exercises for com-
puter training in order to ensure a more complete and guaranteed development of all the concepts of 
this LE.  

5. The degree of support of the educational material. Let's distinguish between the absolute OA 
and relative OO the degree of support of the educational material and determine them according to 
the formulas: 

OA = ET
AO  = ETCE,         (11) 

OO = OA / mO  = ETCE / mO  = ETCE / (n2 - 


n

k
k

1
).     (12) 

Magnitude OA is equal to the number of reference links (arcs) in the orgraph of the relationship 
of logical connectivity of the navigation model of the educational material. Magnitude OO[0,1] 
and characterizes the degree of closeness of the orgraph of the relation of logical coherence to the 
orgraph of the relation of priority. In the example above (see Figure 1, d) OA = 7, mO = 10, OO = 
0.7.  

6. The degree of logical coherence of learning elements. We will consider the absolute and 
relative degree of logical coherence of the LE. The absolute degree of logical coherence of the LE is 
determined by the number of other LEs on which it relies. The relative degree of logical coherence 
of the LE will be defined as the ratio of the absolute degree of logical connectivity of the LE to n-1 
- the maximum possible (potentially) number of LEs on which this learning element can be based. 

We will denote the absolute degree of logical coherence of the i-th LE – LAi, relative – LOi, and 
vectors of absolute and relative degrees of logical connectivity of the LE - AL  and OL  respectively. 
Vectors  

AL  = CTE,  OL  = CTE /(n-1).        (13) 

For the example above (see Figure 1, d) AL  = (0,1,1,2,3), OL  = (0,0.25,0.25,0.5,0.75).  
The degree of logical coherence of the LE determines the degree of integration of the rest of the 

educational material into this LE. Such an interpretation can be useful, for example, in the alloca-
tion of key LEs for the final control of the level of assimilation of all educational material. It is ad-
visable to prepare tests, first of all, for LEs with a higher degree of logical coherence, in order to 
provide a wider coverage of educational material with a final control with a limited number of tests.  

7. The degree of logical coherence of the educational material. Let's distinguish between the 
absolute LA and relative LO the degree of logical coherence of the educational material, and deter-
mine them according to the formulas:  

LA = ET
AL  = ETCTE,         (14) 
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where C is the adjacency matrix of the orgraph of the logical connectivity relation; E is a column 
vector of n units.  

For the above example (see Figure 1, d) AO  = (4,2,0,1,0), OO  = (1,0.5,0,0.25,0).  
The degree of support of the LE determines the degree of didactic significance of the LE for the 

rest of the educational material. For example, in a fragment of educational material on the theory of 
orgraphs (see Figure 1, a and d), LE 3 (the concept of connectivity categories, for which OA3 = 0, 
OO3 = 0) can be excluded from consideration painlessly for the study of other LEs. But the excep-
tion to the consideration of LE 4 (the concept of the adjacency matrix, OA4 = 1, OO4 = 0.25) or LE 2 
(the concept of orgraphs and matrices, OA2 = 2, OO2 = 0.5), or, especially, LE 1 (the concept of or-
graphs, OA1 = 4, OO1 = 1) entails a violation of logic in the presentation of other LE.  

Obviously, the higher the degree of support of the LE, the more carefully its educational mate-
rial should be prepared, the more attention should be paid to the preparation of exercises for com-
puter training in order to ensure a more complete and guaranteed development of all the concepts of 
this LE.  

5. The degree of support of the educational material. Let's distinguish between the absolute OA 
and relative OO the degree of support of the educational material and determine them according to 
the formulas: 

OA = ET
AO  = ETCE,         (11) 

OO = OA / mO  = ETCE / mO  = ETCE / (n2 - 
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k
k

1
).     (12) 

Magnitude OA is equal to the number of reference links (arcs) in the orgraph of the relationship 
of logical connectivity of the navigation model of the educational material. Magnitude OO[0,1] 
and characterizes the degree of closeness of the orgraph of the relation of logical coherence to the 
orgraph of the relation of priority. In the example above (see Figure 1, d) OA = 7, mO = 10, OO = 
0.7.  

6. The degree of logical coherence of learning elements. We will consider the absolute and 
relative degree of logical coherence of the LE. The absolute degree of logical coherence of the LE is 
determined by the number of other LEs on which it relies. The relative degree of logical coherence 
of the LE will be defined as the ratio of the absolute degree of logical connectivity of the LE to n-1 
- the maximum possible (potentially) number of LEs on which this learning element can be based. 

We will denote the absolute degree of logical coherence of the i-th LE – LAi, relative – LOi, and 
vectors of absolute and relative degrees of logical connectivity of the LE - AL  and OL  respectively. 
Vectors  

AL  = CTE,  OL  = CTE /(n-1).        (13) 

For the example above (see Figure 1, d) AL  = (0,1,1,2,3), OL  = (0,0.25,0.25,0.5,0.75).  
The degree of logical coherence of the LE determines the degree of integration of the rest of the 

educational material into this LE. Such an interpretation can be useful, for example, in the alloca-
tion of key LEs for the final control of the level of assimilation of all educational material. It is ad-
visable to prepare tests, first of all, for LEs with a higher degree of logical coherence, in order to 
provide a wider coverage of educational material with a final control with a limited number of tests.  

7. The degree of logical coherence of the educational material. Let's distinguish between the 
absolute LA and relative LO the degree of logical coherence of the educational material, and deter-
mine them according to the formulas:  

LA = ET
AL  = ETCTE,         (14) 

 

LO = LA / mO = ETCTE / (n2 - 


n

k
k

1
).       (15) 

Magnitude LA is equal to the number of logical connections (arcs) in the orgraph of the relation-
ship of logical connectivity of the navigation model of the educational material. Magnitude 
LO[0,1] and characterizes the degree of closeness of the orgraph of the relation of logical coher-
ence to the orgraph of the relation of priority.  

It is obvious that the indicators of support and logical coherence of the educational material are 
equal to each other, i.e. OA = LA and OO = LO.  

Thus, using the integral characteristics of the MN, it is possible to analyze and compare various 
training materials with each other, evaluate the logical coherence of the educational material, rea-
sonably plan the type and number of exercises for training and control, minimize the complexity of 
preparing exercises for training and tests for control by eliminating duplication and, accordingly, 
reduce the complexity of training and control procedures for e-learning.  

6 Computer-aided design of MN  
The algorithms discussed above make it possible to automate the process of MN preparation in 

instrumental authoring environments [20]. At the same time, the previously prepared set of the LE 
course is exported from the Content Model computer program [19]. Further, the developer of the 
EC in a dialogue with the computer program Navigation Model determines the relationship of prior-
ity and logical connectivity of the LE. At the same time, the computer program controls the correct-
ness of this process, forms matrices of the relationship of priority and logical coherence, determines 
the sequence of navigation the LE, calculates the integral characteristics of the MN of the course 
(Figures 3-5)4. Screen fragments shown in Figures 5 and 6 as examples demonstrate the operation 
of the program Navigation Model in Russian. 

 

 

Figure 3 – UML-Diagram of use cases of a computer program Navigation model  

                                                           
4 Here, when describing the scripts of a computer program, language diagrams are used UML (Unified Modeling Language) 
https://www.uml.org/.  
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Figure 4 – UML-diagram of the interaction between users and objects of a computer program Navigation model  

 

Figure 5 – Fragments of the screen forms of the program Navigation Model in the design of EC  
on technical aspects of IT 

7 Discussion of the results  
The sequence of studying the LE. Sometimes it is believed that the formalization and automa-

tion of the design of the sequence of studying the LE in the EC is not necessary and the authors of 
the content of the EC can independently build a linear chain of the LE. However, in reality, this is 
extremely difficult, since it is necessary to take into account at the same time the sequence of study-
ing the LE relative to each other for several fragments of educational material at once. At the same 
time, with a formalized definition of the sequence of study, the author of the content in a dialogue 
with a computer program analyzes the relations of priority only for each pair of LE.  
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7 Discussion of the results  
The sequence of studying the LE. Sometimes it is believed that the formalization and automa-

tion of the design of the sequence of studying the LE in the EC is not necessary and the authors of 
the content of the EC can independently build a linear chain of the LE. However, in reality, this is 
extremely difficult, since it is necessary to take into account at the same time the sequence of study-
ing the LE relative to each other for several fragments of educational material at once. At the same 
time, with a formalized definition of the sequence of study, the author of the content in a dialogue 
with a computer program analyzes the relations of priority only for each pair of LE.  

 

Not for all LEs the choice of sequence may be obvious: from the general to the particular or 
vice versa. Therefore, the appearance of the matrix of priority relations and, therefore, in the future, 
the form of presentation of educational material is influenced not only by objective, but also subjec-
tive factors: the tastes of the EC developer, his habits, intuitive ideas, mindset, etc.  

The relationship of logical connectivity in the EC navigation model. The logical coherence re-
lation of the navigation model is an effective mechanism to help students navigate the EC. In par-
ticular, during the viewing of the EC, using fragments of the graph of logical connections of the LE, 
it is possible to purposefully return (recall) to the previously studied educational elements. Thus, 
Figure 6 shows an example of a fragment of the graph of logical connectivity of the EC for the de-
sign of aircraft [22]. Using this snippet, you can, for example, return from Learning Item 1.5 to 
View Learning Item 1.2 without viewing a series of intermediate Learning Items numbered 1.3.  

 
Figure 6 – An example of using a navigation model to assist in navigation in the EC on the design of aircraft  

The degree of support of the LE (formula 10) determines the degree of didactic significance of 
the LE for the rest of the educational material. For the above example on the theory of orgraphs (see 
Figure 1, d), the vector of the absolute degree of support LE AO  = (4,2,0,1,0), and vector of relative 
degree of support OO  = (1,0.5,0,0.25,0). It follows that LE 3 (the concept of connectivity catego-
ries, for which OA3 = 0, OO3 = 0) can be excluded from consideration painlessly for the study of 
other LEs. But the exception to the consideration of LE-4 (the concept of the adjacency matrix, OA4 
= 1, OO4 = 0.25) or LE 2 (the concept of orgraphs and matrices, OA2 = 2, OO2 = 0.5), or, especially, 
LE 1 (the concept of orgraphs, OA1 = 4, OO1 = 1) entails a violation of logic in the presentation of 
other LE.  

Obviously, the higher the degree of support of the LE, the more carefully its educational mate-
rial should be prepared, the more attention should be paid to the preparation of exercises for com-
puter training in order to ensure a more complete and guaranteed study of all the concepts of this 
LE.  

The degree of logical coherence of the LE, determined by formulas 13, characterizes the degree 
of integration of the rest of the educational material in this LE. Such an interpretation can be useful, 
for example, in the allocation of key LEs for the final control of the level of assimilation of all edu-
cational material. It is advisable to prepare tests, first of all, for LEs with a higher degree of logical 
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coherence, in order to provide a wider coverage of educational material with a final control with a 
limited number of tests. 

For the above example (see Figure 1, d), the vector of absolute logical connectivity LE AL = 
(0,1,1,2,3), the vector of relative logical connectivity of the LE OL  = (0,0.25,0.25,0.5,0.75). Here, 
the highest degree of connectivity has the LE number 5 (the concept of a distance matrix). In the 
educational material of this LE, knowledge of LEs 2, 4, 5 is integrated. Consequently, tests for the 
control of knowledge on the educational material of this example may not include tests on LE 2, 4, 
since the control of this knowledge (by context) is carried out in tests on LE 5. 

Conclusion 
The EC navigation model discussed in this article makes it possible to:  

 determine and visually represent the rational sequence of the study of educational material, the 
logical reference links between its various fragments;  

 provide effective assistance to students in navigating the EC;  
 analyze and compare different teaching materials, assess the level of didactic significance of 

various  learning elements; 
 minimize the complexity of preparing exercises for training and tests for control and the com-

plexity of training and control procedures for e-learning.  
The proposed approach to the design of navigation through educational material complies with 

the international standards of e-learning SCORM and IMS, complements them with specific algo-
rithms for aggregating learning objects (SCOs) into e-courses, and assists students in learning them. 
The mathematical justification of the navigation model makes it possible to automate the design of 
e-courses.  
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Аннотация  
В проектировании процесса изучения электронного курса предлагается использовать понятие модели навига-
ции. Эта модель обеспечивает удобную и дидактически обоснованную навигацию по учебному материалу кур-
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са. Работа опирается на недавнее исследование авторов по структурированию учебного контента в форме моде-
ли содержания электронного курса, упорядоченного в виде иерархической структуры составляющих курс онто-
логий учебных элементов. Понятие модели навигации включает совокупность матриц отношений очерѐдности 
и логической связности учебных элементов и соответствующих этим матрицам орграфов последовательности 
изучения и логической связности фрагментов учебного контента. Модель навигации отвечает на два важных 
вопроса проектирования электронного курса: 1) какая должна быть рациональная в дидактическом плане по-
следовательность изучения учебных элементов в создаваемом курсе; 2) какие должны быть установлены логи-
ческие связи между отдельными учебными элементами курса, чтобы обеспечить удобную и дидактически 
обоснованную навигацию по курсу. Дано математическое обоснование модели навигации, исследованы ее 
свойства и введены интегральные характеристики. Использование модели навигации электронного курса поз-
воляет: определять и визуально представлять рациональную последовательность изучения учебного материала, 
логические опорные связи между его различными фрагментами; обеспечивать эффективную помощь учащимся 
в навигации по курсу; анализировать и сравнивать различные учебные материалы, оценивать уровень дидакти-
ческой значимости различных учебных элементов; минимизировать трудоѐмкость подготовки упражнений для 
тренинга и тестов для контроля и трудоѐмкость тренинговых и контрольных процедур электронного обучения. 
Понятие модели навигации соответствует международным стандартам электронного обучения SCORM и IMS, 
дополняет их конкретными алгоритмами для агрегации учебных объектов (SCOs) в электронные курсы, оказы-
вает помощь обучающимся в их изучении. Математическое обоснование модели навигации позволяет автома-
тизировать проектирование электронных курсов.  

Ключевые слова: электронное обучение, электронные курсы, структуризация учебного материала, модель 
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Рисунок 1– Пример моделей содержания и навигации для фрагмента теории орграфов из книги [21]: 

а – модель содержания; б – орграф и матрица отношений очерѐдности учебных элементов (УЭ);  
в – последовательность изучения УЭ; г – орграф и матрица связности УЭ  
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Рисунок 5 – Фрагменты экранных форм программы Модель освоения при проектировании электронного курса 

(ЭК) по техническим аспектам информационных технологий   
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